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OPTICAL PUMPING



imaging
Optical pumping

A. Kastler. “Some suggestions concerning the production and 
detection by optical means of inequalities in the populations of 
levels of spatial quantization in atoms. Application to the Stern 
and Gerlach and magnetic resonance experiments. J. Phys.
Radium, 11, 255. (1950)

Awarded 1966 Nobel prize in physics “for the 
discovery and development of optical methods for 
studying Hertzian resonances in atoms”

Alfred Kastler

“The use of circularly polarised light creates an asymmetry of population between 
negative m levels and positive m levels, the direction of this asymmetry being able to be 
reversed by reversing the direction of circular polarisation of the incident light”



Optical pumping with alkali metals

• λ in visible and near-IR (590-865 nm) – relatively inexpensive, high-power lasers available 

• High volatility – dense vapours at relatively low temperatures [MP = 27°C (Fr) to 181°C (Li)]    

• Single valence electron in s subshell – efficient optical pumping and straightforward transition analysis  
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Notation:
Orange Na Doublet:

Selection rules for 
electric dipole transitions:

Δ𝐿 = ±1

Δ𝐽 = 0, ±1

Near-IR Rb Doublet:

(assuming zero nuclear spin)

𝜆D1 = 794.8 nm

𝜆D2 = 780.0 nm
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D
1
 transition & Zeeman splitting in Rb
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Optical pumping with rubidium

(still assuming zero nuclear spin)
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angular 
momentum 

mJ = –1/2 

mJ = –1/2 

mJ = +1/2 

mJ = +1/2 

Left-circularly polarised light 
parallel to Bz σ+

Additional selection rule for OP :

ΔmJ = +1

D1 (795 nm)

Each polarised ground state 
represents a ‘dark state’ 

mJ= –1/2𝜎−

mJ=+1/2𝜎+

σ+σ– 



(all alkali metals have non-zero nuclear spin)

More realistic energy-level diagram

87Rb
nuclear spin 

I = 3/2

Transition arrows to 
left (ΔmF = – 1) for   

light 

Dark states: 

| ۧ2, −2𝜎−

| ۧ2, +2𝜎+

𝜎−



Rb polarimetry from ground-state hyperfine structure

Ground-state hyperfine spectrum 
generated by optically detected 
EPR (ODEPR)

Ratio of peak intensities 𝑃A

Electronic Rb 
polarisation
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Nahlawi et al,PRA 100,053415(2019)



SPIN-EXCHANGE



*M.A. Bouchiat, T.R. Carver, and C.M. Varnum, Phys. Rev. Lett. 5, 373 
(1960).

“…the Overhauser effect should work not by the dipole-coupled 
relaxation of a saturated paramagnetic impurity toward a polarized 
equilibrium, but by the relaxation of an optically polarized impurity 
toward a nearly depolarized equilibrium.” 

First SEOP Paper (1960)*

Marie-Ann Bouchiat Tom Carver



Mixing polarised rubidium vapour with noble gases: 

SEOP

Rb

Rb

Rb

Rb

Optical pumping

Spin exchange

NG NG

N2

B0

Circularly 
polarised light

Rb NG

K

N
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F

Spin exchange

Bouchiat et al., PRL(5), 1960; Grover, PRL(40) 1978

N2



Binary spin exchange: Xe vs He

Binary spin-
exchange rate:

𝛾𝑠𝑒 = Rb 𝛾′ ≈ 1014 × ൝
6.8 × 10−20cm3/s

2.2 × 10−16cm3/s 
He

Xe

≈ ൝
40 hr −1

50 sec −1

He

Xe

Walker&Happer RMP(69), 1997

3000 times faster 
for Xe!

Greater Rb electron overlap at Xe 
nucleus → stronger spin-
exchange



129
Xe readily destroys Rb electronic polarisation

ΓRb(1 amagat) = ቊ
2.4 × 105/s

45/s He

Xe

Challenge: need to use lean mixtures of Xe or low Rb 
vapour densities

Spin-rotation interaction at xenon core  Rb Xe

K

N

I

S

F



Two methods to polarise 
129

Xe with spin-exchange 

optical pumping

Continuous-flow: 129Xe polarised with cryogenic Xe accumulation

Sheffield SpinTec Ltd Polarean 9820 Xemed, XeBox-E10, Ruset et al., PRL(96), 2006

Other continuous-flow polarisers

Driehuys et al, APL(69), 1996;  Haake et al., JACS(119), 
1997; Rosen et al., RSI(70), 1999; Zook et al., JMR(159), 
2002; Mortuza et al., JCP(118), 2003; Knagge et al., 
CPL(397), 2004; Schrank et al., PRA(80), 2009; Norquay et 
al., JAP(113), 2013. Korchak et al., AMR(44), 2013; Norquay 
et al., Phys Rev Lett(121), 2018. 
 



Two methods to polarise 
129

Xe with spin-exchange 

optical pumping

Stopped-flow: 129Xe polarised without cryogenic Xe accumulation

Nikolaou et al., JPC(118), 2014.
Birchall et al., Molecules(27), 2022; Raftery et al., PRL(66), 
1991; Whiting et al., JMR(208), 2011; Six et al., PloS one(7), 
2012; Hughes-Riley et al.,JMR(237), 2013; Nikolaou et al., 
AC(86), 2014; Birchall et al., JMR(315), 2020.

Other stopped-flow polarisers

Birchall et al., AC(92), 2020.



Stopped-flow vs continuous-flow

Stopped-flow Continuous-flow
Cryogenic separation of Xe No Yes

Xe in gas mix >10% 1–3% 
Laser powers 50–170 W 50–170 W

Typical 129Xe polarisation 30%–95% 10%–50%
Xe production rates 100s ml/h 1000s ml/h

Low cell temp [Rb] ≤1012 cm-3 [Rb] 1012–1014 cm-3

Stopped-flow: Higher 129Xe polarisations, lower Xe production rates

Continuous-flow: Lower 129Xe polarisations, higher Xe production rates



Path to cryogen

Bed of rubidium 

Incoming xenon

Rb

T > 40°C 
(313.15 K)

• Circularly polarised light
• σ+

 helicity 
• λ0 = 795 nm

Laser 

diode 

array

He

N2

N2
N2

He

He
He

He

He

He He

Continuous-flow 
129

Xe-Rb SEOP

1–3% Xe

B0 = 10–50  G

Need to purify – cryogenic separation…Rb optical pumping

Rb vapour density curve

129Xe-Rb spin exchangeHigh Rb-Xe spin-destruction cross section



Liquid N2 Dewar

Xenon collection bag Vacuum line 

for N2 and He

Cryogenic 

glassware

B0 ~ 25 kG 

Accumulate

frozen xenon

in static B0 field

Freeze/thaw process

100% Xe



SPIN DYNAMICS OF 129Xe-Rb SEOP



Ideally, each laser photon flips one 129Xe spin (100% efficiency). 
In reality, angular momentum leaks from both Rb and Xe

Angular momentum transfer in SEOP

Circularly 
polarised 
laser light

(ℏ per photon)

Polarised 
valence 

electrons of 
Rb atoms

Polarised 
129Xe

Electron spin 
destruction

Nuclear spin 
destruction



Leaky bucket model

𝑅

ΓSD Rb e- spin destruction

ΓXe 129Xe nuclear spin destruction

Circularly polarised light

optical pumping

p
o
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ti
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n

100%

𝑃Rb

0% 𝛾se

spin exchange p
o

la
ri

sa
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o
n

𝑃Xe

100%

0%

𝑑𝑃Rb

𝑑𝑡
= 1 − 𝑃Rb 𝑅 − ΓSD𝑃Rb

𝑑𝑃Xe

𝑑𝑡
= 𝛾se 𝑃Rb − 𝑃Xe − ΓXe𝑃Xe

fill rate leak rate



P
Rb 

and P
Xe

 time dependence

𝑃Rb 𝑡 =
𝑅

𝑅 + ΓSD
1 − 𝑒− 𝑅+ΓSD 𝑡

𝑑𝑃Rb

𝑑𝑡
= 1 − 𝑃Rb 𝑅 − ΓSD𝑃Rb

𝑑𝑃Xe

𝑑𝑡
= 𝛾se 𝑃Rb − 𝑃Xe − ΓXe𝑃Xe

𝑃Xe 𝑡 =
𝛾se

𝛾se + ΓXe
𝑃Rb(𝑡) 1 − 𝑒− 𝛾se+ΓXe 𝑡

Leaky bucket model



𝑃Rb 𝑡 =
𝑅

𝑅 + ΓSD
1 − 𝑒− 𝑅𝑝+ΓSD 𝑡

𝑃Xe 𝑡 =
𝛾se

𝛾se + ΓXe
𝑃Rb(𝑡) 1 − 𝑒− 𝛾se+ΓXe 𝑡

𝑃Rb =
𝑅

𝑅 + ΓSD

𝑅

𝑅 + ΓSD

Spin-up time:

Steady-state:

𝜏up = 1/(𝑅𝑝 +ΓSD) ≈ micro seconds

𝑃Xe =
𝛾se

𝛾se + ΓXe
𝑃Rb

Spin-up time:

Steady-state:

𝜏up = 1/(𝛾se + ΓXe) ≈ 10s of seconds

Rb polarisation

129Xe polarisation 𝛾se

𝛾se + ΓXe
𝑃Rb

𝜏up

𝜏up

P
Rb 

and P
Xe

 steady-state and build up



OPTIMISING LIGHT PROPAGATION



Light propagation

𝜕Φ(𝜈, 𝑧)

𝜕𝑧
= −𝜆−1 𝜈, 𝑧 Φ(𝜈, 𝑧)

𝜆−1 𝜈, 𝑧 = Rb 𝜎 𝜈 [1 − 𝑃Rb 𝑧 ]

𝜆 = absorption length 
per photon

Rb vapour density
Rb D1 line absorption profile  

𝜕Φ(𝜈, 𝑧)

𝜕𝑧
= − Rb 𝜎 𝜈 [1 − 𝑃Rb 𝑧 ]Φ(𝜈, 𝑧)

zΦPhoton flux 

Rb pool

Rb polarisation



Role of buffer gases N
2
 and He

Pressure broadening of D1 line Non-radiative decay (quenching)

He/N2 : Δ𝜈𝑎~18 GHz/amagat 
Romalis, PRA(56), 1997

mJ = +1/2 

Energy transfer

2P1/2

2S1/2

mJ = -1/2 

mJ = -1/2 mJ = +1/2 

Wagshul and Chupp, PRA(40), 1989

P = 2 bar
T = 125 °C
G = 1.35 amagat*

*1 amagat = gas number density at STP (T = 0°C and P = 1 atm)



Absorption profile over cell length

zΦPhoton flux 

Φ 𝜈, 0 = Φ0 exp −4 ln 2
𝜈 − 𝜈𝑙

2

Δ𝜈𝑙
2

𝜎 𝜈 = 𝜎0

Δ𝜈𝑎/2𝜋

𝜈 − 𝜈𝑎
2 −

Δ𝜈𝑎
2

2

Gaussian

Incident flux

Lorentzian

Absorption

𝜕Φ(𝜈, 𝑧)

𝜕𝑧
= − Rb 𝜎 𝜈 [1 − 𝑃Rb 𝑧 ]Φ(𝜈, 𝑧)

Δ𝜈𝑙 = 142 GHz (0.30 nm)

Δ𝜈𝑎 = 24 GHz (0.05 nm)



Light propagation link to optical pumping

zΦPhoton flux 

𝑑Φ 𝑧

𝑑𝑧
= න

𝜕Φ(𝜈, 𝑧)

𝜕𝑧
𝑑𝜈 = − Rb 1 − 𝑃Rb 𝑧 නΦ 𝜈, 𝑧 𝜎 𝜈 𝑑𝜈

𝑅(𝑧) = නΦ 𝜈, 𝑧 𝜎 𝜈 𝑑𝜈

Optical pumping rate

𝜕Φ(𝜈, 𝑧)

𝜕𝑧
= − Rb 𝜎 𝜈 [1 − 𝑃Rb 𝑧 ]Φ(𝜈, 𝑧)

𝑑Φ 𝑧

𝑑𝑧
= − Rb 1 − 𝑃Rb 𝑧 𝑅 𝑧

Relates photon attenuation 
with pumping rate



Optical pumping rate vs. cell length

𝑅0(𝜈, 0) = න
−∞

∞

𝜎 𝜈 Φ(𝜈) = 𝛼Φ

𝑑𝑅(𝑧)

𝑑𝑧
= − Rb 𝛼 1 − 𝑃Rb 𝑧 𝑅(𝑧)

𝑑Φ(𝑧)

𝑑𝑧
= − Rb 1 − 𝑃Rb 𝑧 𝑅(𝑧)

𝑅 𝑧 = Γ𝑆𝐷𝑊
𝑅0

Γ𝑆𝐷
exp

𝑅0

Γ𝑆𝐷
− 𝛼 Rb 𝑧

𝑊 𝑓 𝑥 = 𝑥, for 𝑓 𝑥 = 𝑥𝑒𝑥

Product log 
function

zΦPhoton flux 

𝛼 =
2 𝜋 ln 2 𝑟𝑒𝑓𝜆𝑙

3𝑤′(𝑟, 𝑠)

ℎ𝑐Δ𝜆𝑛𝑝

Appelt, PRA(52), 1998



Optimisation tools: Light propagation, R
p
 and P

Rb
 

Solid white line necessary for high average PRb over the cell volume

𝑅 𝑧 = Γ𝑆𝐷𝑊
𝑅0

Γ𝑆𝐷
exp

𝑅0

Γ𝑆𝐷
− 𝛼 Rb 𝑧 𝑃Rb 𝑧 =

𝑅(𝑧)

𝑅 𝑧 + Γ𝑆𝐷

Rb ideal

Rb too high

Rb ideal

Rb too high



129Xe POLARISATION OPTIMISATION TOOLS 



129
Xe-Rb spin exchange 

Two-body collisional exchange Three-body vdW molecular exchange

• Simple two-body cross section
• Independent of PRb and gas 

composition

• Complicated cross section
• Depends on PRb and gas 

composition

3rd body {N2, He, Xe}

129Xe

129Xe Rb

Rb

129XeRb



129
Xe-Rb spin exchange 

Two-body collisional exchange Three-body vdW molecular exchange

𝛾𝑠𝑒
𝑏𝑐 = 𝜎𝜈  [Rb]

Binary spin-exchange cross section

Factor-2 lower [Rb] than 
standard saturation curves

𝛾′ = 𝜎𝜈 + 𝛾𝑣𝑑𝑊
′ = 1.2 × 10−21 cm3s−1

𝜎𝜈 = 0.1 × 10−21 to 1 × 10−21 cm3s−1Literature: 
Factor-10 range in values… Ball et al, Molecules(8), 2023

𝛾𝑠𝑒
𝑣𝑑𝑤 =

1

2𝑇𝐾

𝜔𝑠𝑟𝜏

𝑥

2

෍

𝑖

𝜂𝑖

1 + 𝑞𝑖 𝜔ℎ,𝑖𝜏
2

/ 𝐼𝑖
2 

1 + 𝜔ℎ,𝑖𝜏
2 = 𝛾𝑣𝑑𝑊

′ [Rb]

Ball et al, Molecules(8), 2023

𝜏 = molecular lifetime

𝑞𝑖 = 1 + 𝜖 𝐼, 𝑃Rb

Gas composition dependent 

Nuclear slowing down factor – 
depends on PRb

𝛾𝑣𝑑𝑤
′

𝜎𝜈



Measuring Rb vapour density

Atomic Absorption spectroscopy

Experimental setup

𝐼(𝜈) = 𝐼0𝑒− Rb 𝜎(𝜈)𝑙

Beer-Lambert law

𝑙

Absorption cross 
section



Measuring Rb vapour density

Atomic Absorption spectroscopy

𝐼 = 𝐼0𝑒− Rb 𝜎(𝜈)𝑙

𝑆 𝜈 = ln
𝐼0

𝐼
= 𝐴𝐿(𝜈)

Rb =
𝐴

𝜋𝑟0𝑐𝑓𝑙

𝐼0 (cold cell)

𝐼 (hot cell)

𝐷1 𝐷2

Normalised Lorentzian

Absorbance

Rb =
1

𝜎0𝑙
න 𝑆 𝜈 𝑑𝜈

𝜎0 = න 𝜎 𝜈 𝑑𝑣 = 𝜋𝑟0𝑐𝑓

Transition oscillator 
strength

𝑟0: electron radius

𝑐: light speed

Amplitude



𝑃Xe(𝑡res) =
 𝛾se

𝛾se + ΓXe
𝑃Rb [1 − 𝑒−𝑡res/𝜏up]

Xe cell residency time

𝛾se ∝ [Rb]

129Xe spin-exchange rate 129Xe spin-destruction rate 

𝜏up = 1/(𝛾se + ΓXe)

mean Rb polarisation 
over cell volume

129Xe spin-up time

For high PXe
 :

ΓXe = 1/𝑇1

𝛾se > 1/𝑇1 High 𝑃Rb   𝑡res > 𝜏up

Optimisation tools: 
129

Xe polarisation

𝛾𝑠𝑒 = 𝛾𝑠𝑒
𝑏𝑐 + 𝛾𝑠𝑒

𝑣𝑑𝑊



Optimisation tools: Xe volume production Q
Xe

𝛾se > 1/𝑇1 High 𝑃Rb   𝑡res > 𝜏up

𝑃Xe(𝑡res) =
 𝛾se

𝛾se + ΓXe
𝑃Rb [1 − 𝑒−𝑡res/𝜏up]

𝑄Xe = [Xe]𝑉cell/𝑡res

Stopped-flow: Colder cell increase 𝑇1, giving higher 𝑃Xe; Colder cell, longer 𝜏up: 

need longer 𝑡res to maintain 𝑃Xe which means lower production rates 𝑄Xe

Xe volume production rate

Continuous-flow: High production rate 𝑄Xe due to gas flow means shorter 𝑡res. 
Need hotter cell to reduce 𝜏up and maintain 𝑃Xe. Hotter cell decreases 𝑇1, giving 

lower 𝑃Xe.



Continuous-flow polariser optimisation

• Long cell maximises absorption of 
incident photons at lower [Rb]

• Laser heating/Rb runaway less likely

• At high gas flow rate Q and lower [Rb] 
𝑡res > 𝜏up for large volume cell

High PXe at rapid Xe production rates

Community has moved towards  
large cells



Cell volume P
Xe

 simulations

Simulated:

• Tcell = 398 K
• Pcell

 = 1.25 bar
• [G] = 0.85 amg

Cell dimensions:
• Length = 80cm
• Diameter = 7.5 cm
• Volume = 3530 mL

𝑃Xe(𝑡res) = 𝑃0(1 − 𝑒−𝑡res/𝜏up)

𝑃Xe(𝑄) = 𝑃0(1 − 𝑒− G 𝑉cell/𝑄𝜏up)



129
Xe

 
polariser optimisation 

Optimised parameters:

• Tcell = 398 K
• Pcell = 1.25 bar
• 3% Xe gas mix
• [G] = 0.85 amg
• Vcell = 3530 mL 

𝜏up = 71 s

𝑄 = 2000 sccm

Norquay et al., PRL(121), 2018 

𝑃Xe 𝑄 = 𝑃0(1 − 𝑒 G 𝑉cell/𝑄𝜏up) 𝑃 𝑄Xe = 3.6L/h ≈ 0.75𝑃0



129
Xe

 
production map 

inlet

Frozen Xe,                          *

*Norquay et al., J Appl Phys(13), 2013 

300 mL, PXe 30% in ~ 5 min

dose

𝑃Xe

Norquay et al., Phys Rev Lett(121), 2018 



3D 
129

Xe human lung imaging with enriched Xe  

co
ro

n
al

sagittal axial

Isotropic 
resolution:
4.2 mm3

ENXe 1L dose 
generated ~20 min



3D 
129

Xe human lung imaging with NA Xe  

1L NAXe in 20 min$25/scan

Stewart, et al., MRM (74), 2015 



Dissolved 
129

Xe applications beyond the lungs  

129Xe in the brain 129Xe in the kidneys

Kidneys

Bottom 

of lungs

1.5 T 3.0 T

Chacon-Caldera et al., MRM(83) 2019Rao et al., Radiology(286), 2018 



Summary 

Optimising a polariser system is a complex, multi-parameter problem

[Rb] density critical parameter for process efficiency – generally lower in 
practice compared with theory

Currently wide range of published exchange rate constants – more work 
needed

Current unknowns

Why does the SEOP cell deteriorate over time in the absence of oxidation?

Mechanism driving cell T1 variations – orientation to B0 field? Cell T1 
temperature dependence?
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  D 1


  D 2


  Δ L = ± 1


  Δ J = 0 , ± 1


   𝜆  D 1 = 794 . 8  


   𝜆  D 2 = 780 . 0  


  Rb =  [ Kr ] 5 s 1


   𝐁 𝟎 =  B 0  𝐳 ^


   𝜎 −


   𝜎 +


  |  2 , − 2 ⟩


   𝜎 −


  |  2 , + 2 ⟩


   𝜎 +


   𝜎 −


   P A


  |  2 , + 3 / 2 ⟩


  |  2 , + 1 / 2 ⟩


  |  2 , − 1 / 2 ⟩


  |  2 , − 3 / 2 ⟩


  |  F ,    m - F ⟩


     m - F =   − 2 + ( − 1 ) 2 = −  3 2


   𝛾  s e =  [ Rb ]  𝛾 ′ ≈  10 14 ×  {    6 . 8 ×  10  − 20 c  m 3 / s   2 . 2 ×  10  − 16 c  m 3 / s  


  ≈  {       ( 40   hr )  − 1      ( 50   sec   )  − 1


   Γ Rb ( 1   amagat ) =  {    2 . 4 ×  10 5 / s   45 / s  


  ( ℏ


  R


   Γ SD


   Γ Xe


   P Rb


   𝛾 se


   P Xe


    d  P Rb  d t =  ( 1 −  P Rb ) R −  Γ SD  P Rb


    d  P Xe  d t =  𝛾 se  (  P Rb −  P Xe ) −  Γ Xe  P Xe


   P Rb  ( t ) =  R  R +  Γ SD  ( 1 −  e  −  ( R +  Γ SD ) t )


    d  P Rb  d t =  ( 1 −  P Rb ) R −  Γ SD  P Rb


    d  P Xe  d t =  𝛾 se  (  P Rb −  P Xe ) −  Γ Xe  P Xe


   P Xe  ( t ) =    𝛾 se   𝛾 se +  Γ Xe  P Rb ( t )  ( 1 −  e  −  (  𝛾 se +  Γ Xe ) t )


   P Rb  ( t ) =  R  R +  Γ SD  ( 1 −  e  −  (  R p +  Γ SD ) t )


   P Xe  ( t ) =    𝛾 se   𝛾 se +  Γ Xe  P Rb ( t )  ( 1 −  e  −  (  𝛾 se +  Γ Xe ) t )


   P Rb =  R  R +  Γ SD


   R  R +  Γ SD


   𝜏 up   = 1 / ( R p +  Γ SD ) ≈ micro   seconds


   P Xe =    𝛾 se   𝛾 se +  Γ Xe  P Rb


   𝜏 up = 1 / (  𝛾 se +  Γ Xe ) ≈ 10 s   of   seconds


     𝛾 se   𝛾 se +  Γ Xe  P Rb


   𝜏 up


   𝜏 up


    𝜕 Φ ( 𝜈 , z )  𝜕 z = −  𝜆  − 1  ( 𝜈 , z ) Φ ( 𝜈 , z )


   𝜆  − 1  ( 𝜈 , z ) =  [ Rb ] 𝜎  ( 𝜈 ) [ 1 −  P Rb  ( z ) ]


  𝜆 =  


    𝜕 Φ ( 𝜈 , z )  𝜕 z = −  [ Rb ] 𝜎  ( 𝜈 ) [ 1 −  P Rb  ( z ) ] Φ ( 𝜈 , z )


  Φ


  Δ  𝜈 a


  Φ


  Φ  ( 𝜈 , 0 ) =  Φ 0  exp ⁡   [ − 4  ln ⁡  2      ( 𝜈 −  𝜈 l ) 2  Δ  𝜈 l 2 ]


  𝜎  ( 𝜈 ) =  𝜎 0   Δ  𝜈 a / 2 𝜋     ( 𝜈 −  𝜈 a ) 2 −    (   Δ  𝜈 a 2 ) 2


    𝜕 Φ ( 𝜈 , z )  𝜕 z = −  [ Rb ] 𝜎  ( 𝜈 ) [ 1 −  P Rb  ( z ) ] Φ ( 𝜈 , z )


  Δ  𝜈 l = 142   GHz


  Δ  𝜈 a = 24   GHz


  Φ


    d Φ  ( z )  d z =  ∫    𝜕 Φ ( 𝜈 , z )  𝜕 z d 𝜈 = −  [ Rb ]  [ 1 −  P Rb  ( z ) ]  ∫  Φ  ( 𝜈 , z ) 𝜎  ( 𝜈 ) d 𝜈


  R ( z ) =  ∫  Φ  ( 𝜈 , z ) 𝜎  ( 𝜈 ) d 𝜈


    𝜕 Φ ( 𝜈 , z )  𝜕 z = −  [ Rb ] 𝜎  ( 𝜈 ) [ 1 −  P Rb  ( z ) ] Φ ( 𝜈 , z )


    d Φ  ( z )  d z = −  [ Rb ]  [ 1 −  P Rb  ( z ) ] R  ( z )


   R 0 ( 𝜈 , 0 ) =   ∫  − ∞ ∞  𝜎  ( 𝜈 ) Φ ( 𝜈 ) = 𝛼 Φ


    d R ( z )  d z = −  [ Rb ] 𝛼  [ 1 −  P Rb  ( z ) ] R ( z )


    d Φ ( z )  d z = −  [ Rb ]  [ 1 −  P Rb  ( z ) ] R ( z )


  R  ( z ) =  Γ  S D W  (    R 0   Γ  S D exp  (    R 0   Γ  S D − 𝛼  [ Rb ] z ) )


  W  ( f  ( x ) ) = x ,   for   f  ( x ) = x  e x


  Φ


  𝛼 =   2  𝜋  ln ⁡ 2  r e f  𝜆 l 3 w ′ ( r , s )  h c Δ 𝜆  n p


  R  ( z ) =  Γ  S D W  (    R 0   Γ  S D exp  (    R 0   Γ  S D − 𝛼  [ Rb ] z ) )


   P Rb  ( z ) =   R ( z )  R  ( z ) +  Γ  S D


     [ Rb ] ideal


     [ Rb ]  too   high


     [ Rb ] ideal


     [ Rb ]  too   high


   𝛾  s e  b c =  ⟨ 𝜎 𝜈 ⟩   [ Rb ]


   𝛾 ′ =  ⟨ 𝜎 𝜈 ⟩ +  𝛾  v d W ′ = 1 . 2 ×  10  − 21   c  m 3  s  − 1


   ⟨ 𝜎 𝜈 ⟩ = 0 . 1 ×  10  − 21   to   1 ×  10  − 21


  c  m 3  s  − 1


   𝛾  s e  v d w   =  1  2  T K    (    𝜔  s r 𝜏 x ) 2   ∑ i   𝜂 i  (   1 +  q i    (  𝜔  h , i 𝜏 ) 2 /    [  I i ] 2    1 +    (  𝜔  h , i 𝜏 ) 2 ) =  𝛾  v d W ′ [ Rb ]


  𝜏 = molecular   lifetime


   q i = 1 + 𝜖  ( I ,  P Rb )


   𝛾  v d w ′


   ⟨ 𝜎 𝜈 ⟩


  I ( 𝜈 ) =  I 0  e  −  [ Rb ] 𝜎 ( 𝜈 ) l


  l


  I =  I 0  e  −  [ Rb ] 𝜎 ( 𝜈 ) l


  S  ( 𝜈 ) =  ln ⁡   (    I 0 I ) = A L ( 𝜈 )


   [ Rb ] =  A  𝜋  r 0 c f l


   I 0


  I


   D 1


   D 2


   [ Rb ] =  1   𝜎 0 l  ∫  S  ( 𝜈 ) d 𝜈


   𝜎 0 =  ∫  𝜎  ( 𝜈 ) d v = 𝜋  r 0 c f


   r 0 : electron   radius


  c : light   speed


   P Xe (  t res ) =      𝛾 se   𝛾 se +  Γ Xe  ⟨  P Rb ⟩ [ 1 −  e  −  t res /  𝜏 up ]


   𝛾 se ∝ [ Rb ]


   𝜏 up = 1 / (  𝛾 se +  Γ Xe )


   Γ Xe = 1 /  T 1


   𝛾 se > 1 /  T 1


   ⟨  P Rb ⟩


   t res >  𝜏 up


   𝛾  s e =  𝛾  s e  b c +  𝛾  s e  v d W


   𝛾 se > 1 /  T 1


   ⟨  P Rb ⟩


   t res >  𝜏 up


   P Xe (  t res ) =      𝛾 se   𝛾 se +  Γ Xe  ⟨  P Rb ⟩ [ 1 −  e  −  t res /  𝜏 up ]


   Q Xe = [ Xe ]  V cell /  t res


   T 1


   P Xe


   𝜏 up


   t res


   P Xe


   Q Xe


   Q Xe


   t res


   𝜏 up


   P Xe


   T 1


   P Xe


   t res >  𝜏 up


   P Xe (  t res ) =  P 0 ( 1 −  e  −  t res /  𝜏 up )


   P Xe ( Q ) =  P 0 ( 1 −  e  −  [ G ]  V cell /   Q 𝜏 up )


   𝜏 up = 71   s


  Q = 2000   sccm


   P Xe  ( Q ) =  P 0 ( 1 −  e   [ G ]  V cell / Q  𝜏 up )


  P  ( Q Xe = 3 . 6 L / h ) ≈ 0 . 75  P 0


   P Xe

